



































































































































Derivatives
Defy het f A CRN IR

Suppose that it contains a

neighbourhood Cnbhd
of some

point
x EA Then Tre

i at of f

at x with respect
to a

fixed vector u is defined by

f xiu fling f Gettu floc
f

provided
this limit exists






































































































































Example

f 1122 2112

flag xtytxy

The D.D of f at x Cx az

with respect to u 1,0

f xiu fim ofCxttu

tingoffkitt
X2 fcxi.kz
E

Limo it'ttxztCxitt xz

x x2tXiX2

Iim tttxa
t o f

It Xz






































































































































Derivative of a real valued

function
het f A CRN 3112 and let

it contain a nbhd of a point
XEA Then f is said to

be ierentiable at x

if 7 a number X such

that

f sett f x Xt
O

t
as t 2

In the event that it holds

then the unique why
number

is called the derivative
of f at x and is denoted






































































































































by f x

Generalizedderivative
Define het f A CRN 71127

and let it contain a nbhd of

a point
xeA We say f

is tifferentifable
at x if

F an mxn matrix B such

that mxnnxi
t t

f Cath fCx B h
o ash 20

1h1 4 7

If C holds the unique why

matrix B is called the derivalin

of f at x and is denoted






































































































































byDf

Be
h I knit

linear map

Whyuniquei
Suppose that

C is another

mxn matrix satisfying cats

Then

o as

1h1
h o

L






































































































































HI C

C B h

th
0 as h o

A

Then A is equivalent to

think
B Ctu
Tt

where u

is a unit vector and h tu

CC BIU 0

Lingo
t c B

It I

Limo tf C
B U

fini ta
Blu






































































































































But since the choice of u

is arbitrary
we have

C B BE

Exampley
het f IR

IRM be

defined by

f x _B xtb.be R

Then for each y
c IR we

have

lim fcythl fcy3B.hn20 1h






































































































































Thing B.lythltb CB.ytb
B.tn

1h1

O

By definition
Dfcy B

theorem het f A CRN Rm

If Dfcx
exists

then

f Ge w exists at each u

and f Gein DfGc u

ProofExercisey






































































































































Does the converse of the above

theorem hold

Noo

Examples

f R2 R

fCosy
Ia yz

if Guy 0,0

0 if Cary 10,0

Consider

f Oia Lingo fCottut

het u Ul U2

Then
lim fctui.tk

o

f loin o t






































































































































3
lim t

ufuz.tw4tuz
t

lim ufuz_
t 70 the 4 U 22

f lo u
Uni if U2 o

O otherwise

f lo n exists for all u 0

However Dfco does not
exist

For if it does then Dfco

is a 1 2 matrix a b

f lo u Dfw on

a b Y's

a uit b U2

which is a linear function






































































































































theorem het f A CRN IR

If Dfcx exists then f is

continuous at x

Proof
For h o and near 0 we

write

fcxth floc
I

1h1

If
h

t Df c h

hlimoffxth f Gc

Lingo1h11
to

O






































































































































thingoffxth f Cx

f is continuous at x is

7C DC Xn

y Cy
n n yn

x y 112 f EynT

117412 f
2

11 11 is the sup
norm

Hallo
Max 1741 lanl

preferred
norm

11041k TK
g
K n r fkn

K

d Guy Ibc y 112

do Gay
Hx yl la






































































































































Bae I
o

Bashir T

dz induces the standard

topology
in Rn while dao

also induces the same topology

This is because the metric

spaces
are equivalent

FEI






































































































































Unless mentioned otherwise

1h1 sup
norm on h

Deth het f A GRM IR

Then the jihpartialderivative
of at x denoted by Dj

f CN

is defined by

DjfGD f j

theorem Let f ACCRn
IR

If D f Gc
exists then

colyumn
vector

Df Cx D f Gc Dmf

Proof Exercise Follfowmsfigendly






































































































































theorem het f Acorn
Rmi

and let A contain a nbhd

of the point x Let fi A IR

be the ith component function

of f So that

test I
a f is differentiable at x

each fi is differentiable

at x

b If Dfcx exists then

Dfa Lf m

where

the Cig
th
entry of Dfcoc is

given by Djfi x

I






































































































































Proof Exercise Folfgmwsaedfiredly

Def's het f Acorn
IR

If the partial
derivatives

of the component functions

fi of f exist at a then

the matrix

Jffx L
f D f x

fmla
Difing

is called the Jacobian

matrix of f at x

Note

If Dfw exists then

Dfcx JfCx






































































































































Continuously differentiable
functions

fi.AERmeTheorem.hetAClRn be open

Suppose that Djfi Cx exists

at each KEA and the Djfi
Are continuous on A

Then Dfcx exists at each

XEA

Defy A function f
as in

the hypothesis
of the above

theorem is said to be

Conlifferentiablen
A i.e of class C on A






































































































































Defy Let fi ACCIRD
112M

If the partial derivatives
of fi

of all orders sr exist and are

continuous on A then we say

fi
A

Dj i DiaD Difex

2nd order
3 order
r i n

proof
It suffices to show that

each component
of f is

diff ie Dficx exists for each

i






































































































































This means that we can

restrict our attention to

f AIR
We are given

that D f Cx

exists ane i is continuous for

Ix yl CE
and we wish to

Show that Dfcy exists

yea
Consider he IRM with oslhkE

h hi hm and the

following sequence










































































P y

Pi hiei

Pim
y
th e t th m em y

th

Note that each Pi belongs

to the closed cube C y ilhD C

centered at y
and radius 1h1

i.e the ball centered aty
and radius 1h1 under the supnorm

Now

flyth fly fCpj FCB i

I

I



For a fixed j we define

Oct f Pj i tej

A s t varies over o hj

Pj it tej ranges from
Pj top

Note that
this range

lies

0 is defined
on an open

interval containing
1

As t varies since only
the

j th component Pj
it tej varies

it follows
that Djfexistsateachpoint

ft.AT

isd0gpereifiabedefined for
all t

in an open
interval about

o hj



By'Thklean Value Theorem
0 is cont and diff in

we have co hj

0Chj o I g hj where

g hj

f Pj ftp.D Djffqjlhj
e

where Cpj P it Cjej Note that

this lies in the line segment

joining Pj
top c C

Furthermore
holds for

hj to and also trivially
for

hj 0 for any ofj
e C



By applying
we rewrite

it to get
f Cy th fly Djflop hj

for each qje c

Now let D D Hy Dmfly

Then

B h IF Dj fly hj
Using

we have

fcyth fcy
B.tn

Enz
Dif DifD hj



Allow h o we have

Aj y
since Ciasteenytered

D fCy
limflyth ft Bih o Ba
h 70 Ihl

Theorem het f A GIR
R

be a G function
Then for

each x EX we have

Dk Dj f Cx
D DK f Ca

Prooff
Since the partial derivative

is

computed by letting
all

other variables other than



XK and Xj to remain constant

it suffices to consider

the case when n 2

So let f AMIR Bec

het Q a ath b btk be

a re
iA

Define

XCh.la fCa b f Cath b

f Ca btk flath btk

btk
t

E
f

a S ath



Claim F points p.ge 9

s t

d XCh.la DzD fCp
hkciijXIhk

DiD2fCq hK

It suffices to prove
the first

assertion as the second
would

then follow by symmetry

het
G f G btk f G b

Then 0 Cath Oca
k

Since Dif exists in A

0 is differentiable
in an

open
interval containing

h



By the MVT

OCath 0Ca O so h for

some qq.at
L

Hh K CD f so btk

D f Go BD h

Now consider D f so t Since

DIDI exists inA Tit is

differentiable fort in an

open
interval about Cb.btk

By applying
MVT we have

D fGo btk
D b

DzD fGo to
k

for some toe b btk

which proves
our claim



Now let x la b EA and

for t o.ie

Qt fa.attJxCb.bttJ

By our Claim for sufficiently

small t we have Qt CA

and so we have

XCt.tl DfPt.t2 for

Some PzE

heHing
t o we see that

Pt x

Sine DzD f is continuous

we have

Xct t

t
Dad f Cx

as t o



Similarly
Xlt t

72
D Dzffx

as t o

D8

Chainrate
theorem het ACIRM and

Bc Rn and let f A
IR

g B IRP with f A CB

Suppose that
Ha b If

f is diff at a and g
is

diff at b then got



is diff at a Furthermore

D got a Dg b Dfca

Tpxmf cp
nFTnxm4

Boot arbitrary g
arbitrary

het xelRM and y
c Rn

We choose E so that gly
is well defined

on ly bkE

and we choose 8 so that

Ifcx blae whenever Ix ales

due to the cont of f

net
Ah f Cath f Ca which



is defined for 1h1 8

Claim 10h11
th

is bounded for

h in some deleted nbhd of

O

Define

F h

DCh Ih1Df
h 04hr8

0 otherwise

Note that since f is diff

at a we have F is

cont at 0 Lingo Flh Flo

Furthermore

Hh Dfca h 1h1 Fcn

A



for a Ihl 8 and h o

ID h IDfca 11h1 1h11 Hh
Cauchy Schwarz

andTrianyl

E MIDHAT 11h1 1h11 Hh

Since I F h is bounded for

h in a nbhd of 0 so is

14k S MID Ha l
h

En
1 7

1 is bounded
Preheim

Be

Now we repeat claim forg

by defining

GCK
gbtk gb Dgbs.tn

1K OLIKKE

o otherwise



For IKKE G satisfies

gcbtk g
b D glbj.tt klGlk

I

Now let HER'm with 1h48

Then IACMILE so we

may
substitute Bch for

k in

Nog FaI btDCh e f a tbh

f Cath

we have

goffath go f
a Dg

b Dh

ID Ch GLAAD
I



Rewriting using

thy goffath goffa Dg b Dfa h

Dgc
b Fth t

Dad Glan

which holds for o 1h14 8

as h 30

Since Fcn o Ge DCM 30

and 1,941 is bounded
claim

we have

Lingo goffath go
f Ca

Dglb Dfa h

O

DCgo f Ca Dg
b oDfCa

by uniquenessof limit Be



Corollary het A be open

in RM and B be open

in Rn het f A
112M

and g
B RP with

f A CB If fig are of

class
then so is gof

Proof 1 i e f g
are

of class C

Then Dg has continuous
real

valued components
on B

f is cont on A

Dgof
also has cont



Components
on each xeA

go f
x

chainDgCfCxDDfCx
rule

gof
is of class C on

A

Now use induction on r

to complete
the proof
Exercise BE

T ean
rem

het A be open
in 112M and

let f A IR be diff on

A If A contains the

line segments
with end



points a and athgovsotfg
AJ

c attoh.cc toll

such that

f ath fca Dfa h

Proof
set Oct f attn

Then 0 is defined for all

in an open
interval

about CoD and is also

diff as

A Dflatth h

By the MVT.Cdim1 we have

OCD 010 Cto 1

to C oil



f Cath fla Dflattoh
oh Bg

theorem het AcRn be open

and let f A
Rn with

flat _b Suppose
that g

maps
a nbhd of b intolRn

Such that gCb
a and

go f
x x H x in that

nbhd of a If f is

diff at a and if g
is

diff at b then

Dg b
Dfa



Pro of We are given
that

go f
Gc Edge H x in

some nbhd of a

By chain rule we have

DgCb Dfa
In

nxnidenti

Dg b
D Ha g

matrix

InversefunctionTheoremy

hemrnas.im Let A be open
in

Rn and let f A Rn

be of class C If Df



is non singular
then F

an L E 0 Such that

IfCxo fCxD x1xo

for all scope C CGC E

Proof

het E Df By assumption

F is non singular
Iko 741 IE Exo E xD

Ente II Exo Ex I

If we set 22 niet
then for all no a ERM



I Exo Exit 3 22190 741

het HCy fCy E

Then DH y DfCy E

DH x 0 DIII
E

It is C we choose E 0

Such that

I DHCy Ken
for

y E C f

By MVT applied
to the ith

component Hi
of H we

get



Hiko Hilxdl IDHICxo x.tl
E n ne too xi

H Xo 74 E C 4 7

Then for a o X E C we

have by I

xlxo xilzfHCxo7 tt

I E x Exo r

flexi fixed
triangle inequality

722 Ix Xo I
I feel FADI

BE



theorem het A be open

in 112N and f A Rn

be of class with B fCA

If f is injective
on A and

if Dfcx is non singular

for a A then the set

isop
Rn and the

inverse g
B A is of

class Cr

1 Inverse Function Theorem

het A be open
in IR and

f A IRN bee of class Ct

If Dfcx is non singular



at the point YEA F a

nbhd Voy such that

flu U fcu f Vern

is injective
and the inverse

g
is of class Ct

g
u U

Prod By the hemma 3

anbhd of y
on which

f is injective
Since det f Cx is a

continuous function
of K



and detDfly O F a

Nbhd Uday such that

det Dfa 0 on Yi

If U VonUi then

the hypothesis
of the

previous
theorem is satisfied

for f U Rn and

thus the IVT follows
Be



ImplicitFInation
Teoremh

Suppose That the equation

feasy o determines y
as

a diff function
of x

i e
y gcx say

Then we

have

fee yes
0

Iff t gin o

g
0ft
2f
oy



provided that to at

Geiges ft

The last condition
is

in fact sufficient

IE If f Cx y
has the

property to
at a b

that is also a solution to

f Cay 1
0 fca b o then

this equation
determines

y
has a function of a

near a



In general suppose
that

f Rk
n

R is of

class C Then f Mini Plan

o is equivalent to a

system of n scalars in

Ktn unknowns

Notation het f Acc Rn

Rm be diff hetf

have component functions

fi for Isis n



Then

yf z f

12fxn e.am

2fJy X x Xm

theorem het A cDn
th be

open and let f AIR
be diff View f as

f ffX y XEIRK and YER

Then Df has the form

Df fifty 3



Suppose that 7 a diff functio

gits
Rn such that

f x gcxD o for X EB

Then

Dg G fftcx.ge
xD

I

t.gs x.glxD

Proo f Define h B 112km
I

hCx E gtx
Then by our hypothesis
the function



HIX f Hx

fCx glx
is defined and equals
0 H X EB

By chain rule we have

O D H X Dffh x

Dh X
7

E

ff HH 0 HH

15 57

HEB



o
fJxJlhcxDtfyIfhlxD.Dg

H

from
which our assertion follows

Bo

NIU In other words Ifl
must be non singular to

compute Dg
We will now prove

that it

suffices
to guarantee

existence

of g



theorem Implicit function
theorem

het f SERIN RI
Se of class C Write

f f x y for X ERK

and YER het AB

C S such that fCAjB
and det 3 CAB

0

Then F a nbhd W of

A in RK and a unique

Contini g
W Rn

Such that gCA B and

f X gCx o H X EW



Moreover g
is of class C

Proof Define

F XiY X fCl

Then F A CIR
Kt 7

gpkthdndpf.EE1

Then
det F detffy to

at CA B by
our hypothesis

DF is non singular cats



Applying IFT Inverse F T to F

we get
an open

set

UxVfclRKt and UxV CAB

such that

a Flu jUxv
FCuxv

is injective
where FCUxV

G A o is open

b The inverse G FCuxv 3

XV exists and is of class

e

Since FUN
X fix y



we have X y G X f Hill

So G preserves
X ie

first k coordinates

GCX.DE
x

2DXElRK

zelRn and his

ad function mapping

fCUxv
R

Now let WoA be a

connected nbhd in 112 s

chosen small enough
pi



so that Nx cfCuxV

If XEN then X o cfCUxV

SO GCX.co X h X O

X o FCX.hu i0D

fX ffX hCx.oD

O f X h Xo l

het glx
h X o HXEW

Then g
satisfies

f X gut
O frog

Moreover



AB G AO

A

B hCAo g
CAI

as desired Moreover

g
is of class Ct Intense

Uniquenessofge

Suppose
that go

w R

is another continuous
function

satisfying
the conclusion of

the theorem



Then

GLA go
A

Now suppose
that for some

gtfo go
Ao Ao CW

Then F a nbhd.NO
t

such that go
Wo CW

Since f X go x o for

XE Wo we have

F X go
Cx X o so

X you
G X o

X h X o

H X E Wo



go gon

Finally we consider

XEN lgu go to

This is open
from what

we

just
showed

Morgen wig go I
o

It
is open

1g got
Oso

Since W is connected
we have

xeW lgcxl goCxH
o

is both open
and

closed



and so we have

XEWI 1gal go
1 03
W

g goonWB

Exampies
a f 061125

1122

is of class

Assuming fcx.y.z.mu
O

we wish to solve you

in terms of x 2 v



By the Implicit
tune Thm

if A EU such that

f A o and det Of CAHO

2cg u

then y
06,2 v u Y x.eu

Furthermore

I t nIEE

b f IR IR

f x y x7y2 5

Note that f 1,2 Or



and Of of
JE Ty

0 at liz

By the Imf 1 we can

solved y
in terms of

In particular continuous

y gCx Ecs
in

f2

what about

h a

2 Xz

2 7cL 1

Not continuous



Cc Consider the same example

in b above in the nbhd

of Foo

Im function
theorem is not

applicable

iffy crisis Ifrs Itoh

It turns out that it does

not have an implicit
solution

d f 1122 R a g Ey

f10,0 O and co 07 0

Im FT is not applicable



No solution of y
in terms of K

y
x



 

Integration
Deth het Q aix b x x anxbn

II aix bi

be a rectangle
in Rn Then

l ai bi is called a component

interval of Q

ii max Ibi ail is called the

width of Q

dii V Q bi ai bz az bn an

is called the volume of Q

NI When n i 2 Q width

of Q length of
a b



Deff Given an interval ca.bJdR

a partition of a b is a

collection D to stn of

points in a b such that

a tooth tk b

Each of the intervals
ti r ti

Eisk is called a subinterval

determined by P

Deth Given a rectangle

Q II Cai bi in Rn a

partition
P of Q is an

h tuple CR Pn such that



Pj is a partition of aj bj

for each j If for each j

Ij is a sub interval determined

by Pj of Ca biz
the

R II Ij f I x r x In

is called a subrectangle

determined by P of the

rectangle
Q

The max width of these

sub rectangles
is called a

meshy of
P



Defy het QclRn be a

rectangle and let f Q IR

be a bounded function

If IEM O H x e Q

het P be a partition of
Q

For each subrectangle
R determined

by P let

Mr f
in f f Cx x ER

Mr f Sup
fees x ER

fi'iiii e define lowersum and

uppersumfresp loff
determin

by p by



L P MRA 8 23

Def n

MRCf UCR

D R Pn be a

partition of Q If P

is a partition of Q obtained

from P by adjoining
some

additional points
to some or

all of the partitions
R Pn

Then P is called a Definemen

ftp



Defy Given partitions
F CR Pn and PHP Pri

of Q the partition
P P up PnuPn

is called a commonrefinemen

of P and P

Note Pi and Pi
can have

a non trivial intersection

hemme het P be a partition

of Q and let f Q
112

be a bounded function
If

P is a refinement of P



Then i

Lff P EL Cf P and Ulf P
su FP

Proof Pi
het Q ai b x x an.br

It suffices to prove
the

Iemma for the
case of a

refinement 7 obtained

by adjoining
a single point of

D P Pn

W LOG we may
assume P is

obtained by adding g to R

Ai to Lt stk b and



g E ti i ti

Most sub rectangles
determined

by P
are also sub rectangles of

P

except subrectangles of the

form
Rs Ititis

where

S is a sub rectangle of

az.bz x fan bn

In P Rs would be

replaced by
Rs Eti i q xS and

Rs q ti x S



Clearly

Mrs f s Mrs H Ricks

and Mps f E Mrs f Rs c Rs

Since NCRs socks VCRs

by direct computation
we get

MRS f V Rs S Mrs f v Rs

Mrs f DCR's

RT

i
E

242 2 CR Dtv Rz



R

t.EE

EiEt.iiDCR
8CRDtDCRz

SinactoreveryRs
we have

ft P f Lff P

Similarly Ucf Pj Off P'D
BE



hemmed Let Q be a rectangle

and let f Q R be bounded

If P and P are any
two

partitions of Q then

Lff P f Uff P

Poet When P P it is

follows
immediately

Otherwise consider the common

refinement P PUP Then

we have

Lff P s L f P EU F P

EU f p
D8



Deft het Q be a rectangle

and let f Q IR be a

bounded function
Then we

define
f Spup

LLAP

Taf inpf
UCF PB

where P ranges
over all

partitions of Q

fff and Igf
are called the

tower and
upperintegralse

resp
of f over Q



Defy If faf If then

f is said to be integrable
Over Q and The common

value is called the integral

offove_rQu.Example_r

yf.ca b
R

be a non negative
bounded function

If P is a partition of Ca b

then

f P Total area of rectangles
inscribed between f
and x axis inner

area



Uff P Total area of

rectangles
circumscribed

about the region
between f and x

axis

t

Uff.P

b Similarly if QcR2 and

f Q IR is non negative
and

bounded then



we can visualize LLAP respUCAP

to be the total volume

inscribed resp circumscribed

in the region
between the

graph of f and the xy plane

Graph off

I

I
x xy plane

Examples I Co I and let

f I IR be defined

by
0



f x

if Ke Q

1 if XERIQ

Popcorn function
Dirichlet funition

If P is a partition of
I

and R is a sub interval

of P
then we have

Mr f
0

Mr f 9

Since 12 contains both
rational

and irration numbers

Therefore
Lff P

Oo DCR
O

U CFP
I UCR I



f
o and If I

f is not integrable

Theorems het Q be a

rectangle
and let f Q IR

be a bounded function
Then

fo f E If
Moreover equalild

iff

given
e o F a partition

P of Q such that

Uff P Lcf P c E o

Riemann
condition



Proot Let P be a

partition
of Q

Then f P f U f P

for every partition
Pof Q

Laf s u f P

Since P is arbitrary
we have

Laf e TI

This concludes the proof of

the first part



For the second part of the

assertion assume first that

fo f Tf

Choose P.to such that

fat L Cf P L Ez

and
t

U Cf P Tf's Ez

If P Pup i.e the

common refinement
then

we have



Lff CAP s fat
U f P

EU F P

Uff P LHP sE

check

from 1 1

If E fff
70

ineg
abe

For any partition
P of Q

we have

Lff P s fo f L off EU
hp



Off P LHP

ft Ea
E Ba

theorem

Every constant function
Heye

is integrable
Indeed if

Q is a rectangle
and if P

is a partition
of Q then

C Coca cEsCR

where the last summation

extends over all sub rectangles

determined by P



Corollary het Q be a rectangle

in 112 and let Qi r r Qin be

a finite
collection of rectangles

that cover Q Then

HQ si vCQi

Proof
Choose a rectangle

Q containing

all rectangles
Q QK

Use the end points
of intervals

of Q Q Q K to define
a partition

P of Q



Ff a

Then each of QQ Q K

is a union of sub rectangles

determined by
P

By the preceding
theorem we

have

a Eco Q

As each subrectangle
R is

contained in at least
one of

Qi Qk we have



Far E I qoCRD

score

Existenceoftheintegraty

Deft A subset A CIR

is said to be of measure zero

in Rn if for every
e 0 3

a covering
Q Qz of A

by countably many
rectangles

such that

2 Qi E

it



Theorem
a If BCA and A is of

measure zero in Rn then so

does B

b het A Aj where
j 1

each Aj has measure zero

Then A has measure zero

C A set ACIR
has measure

Zero iff for every
Eso F

a countable covering
of A big

open rectangles
Qi QI

I interiors

such that of rectangles

II HQi
e



d If Q is a rectangle
in Bin then 2Q has

measure o in 1127 but Q

does not

Proof
a Exercise obvious

b Given E o let

Aj II Qi such that

xCQij s

Then Qij is countable

and
Qij

A A LEAD



Moreover

HATE VCQijkFZE E.ee

Preying
open rectangles

7

C If Qjo covers
A then

clearly
so does Q and

So the assertion follows

7 Suppose
that A

is of measure zero

het A If Qj such that

F
NCQj Ez



For each i choose Qi

such that Qi's Qi and

2 Qi s 28 i

2 is continuous function
at the end points

of the

component
intervals

Think about this

Then A 090 and

Q se c

d het Q Ca bDx
xfan.br

het an ith face of Q

be

E xeQ I xi ai or bi



f iii iii Iainiai
t.IE so i

niaonl.f

jiai
x

1 0

Note that an ith face has

measure
zero

This is because if xi ai

then

ai b x ai dits x xcan.ba

has volume
as small as

possible by an appropriate
choice

of 8

Then
DQ Union of faces

in

Q has measure Zero

J



no of faces is finite

Suppose
Q has measure

Zero het E V CQ

Cover Q be open
rectangles
D

Q 9 with 791

Since Q is compact
after

Q by open
sets Qi

Qiao

every open
cover has a finite
Subcover

But voi e 8CQ
from



theorem Let QcRm and

let f Q R be bounded

het D xEQ f is not
cont atx

Then f exists iff D

has measure o in IR

Exampley

a fix
Ya K 0

0 if 2 0

Is t integrable
in

2,2

Not conclusive
as the



hypothesis
of theorem is

not satisfied f is unbounded

b fix
22 2 4

This is integrable from

the theorem as is f in

continuous in 2 4

C f x

2 see C 2 do

1 X O



By theorem a x fishnet
205

we have that f is integrable

Theoremi het Q be a

rectangle in IR and

let f
O R be

integrable
A If f vanishes except

0h a set of measure

Zero then off
D

b If f is non negative

faf 0 then f vanishes



on except on a set of measure

zero

Proof
a Suppose that f

Vanishes except
on a set ECQ

of measure zero

het P be a partition
of

Q

If R is a
subrectangle

of P then

R E VCR o



f vanishes in some

point
of R

Then
Mr f Eo and

MR f 30

LAP and
Uff D a O

fo f so
and 10

faf
0 asintefgriabsle

BE a



b Suppose
that fees o

all xeQ and off
o

Claim If is continuous

at a then fca
0

Then by previous
theorem

f must vanish except at

a set of noncontinuous
points

of measure
zero

het f be cont at a

and let f Ca
0 with

E f Ca

Then by cont F 820



Such that f Gc Ez for

Ix al 8 x c 9

Choose a partition
Pof

Q of mesh 8 and

let Ro be a subrectangle

7 a

Then Mroff 3 Ez

Moreover Mr f 0 for

all R

Therefore it follows
that

Lcf P
Mrcf UCR

8420 so



But
LCF P f fo f

O

o

Theorem Fundamental Theorem of

calculus

a If f is continuous on

a b and if

F x af
for

XE Ca b then F'Gc

exists and F x f Coc

b If f is continuous

on a b and if g
is a

function
such that g

fG



for KE Ca b then

bf gcb gca

theorem Fubini's Theorem
Let

Q AxB where A is a

rectangle in RK and B is

a rectangle in 112
het

f iQ 2112 be a bounded

function
written in the

form f X y for XEA
and

VEB For each XEA

Consider the integrals

zfCXs
and Jfk Y

XEB



If f is integrable
over

Q then these two functions

X fast
Y and X III

of are integrable
over

A and

ff f 5 fI5

Corollary het Q Ax B

where A is a rectangle
in RK and B is a

rectangle
in 112N Let

f Q R be a bounded



function If f exists

and if I fCxsx exists

for eachXIAT
then

f f BfCx D

Corollary Let Q Iix In

where Tj is a closed
interval

in R for each j
If

f Q 7112 is continuous
then

off if
m



Parlitionsofunity
Deff Let ACIR and let

0 be a collection of open
sets that cover A i.e

Actor Consider

a collection OI of 8

functions defined
on an

open
set w A fee I

6 w lR

such that

a For each xeA and

each ye OI we have

OE U c El



b For each KEA I am

open
set Vox such that

all but finitely many feet

are 0 on V

C For each KEA we

have Z Q L

YE OI

d For each ye OI F

an open
set UE 0 such

that 4 0 outside some

closed set contained in U

Then

A collection OI satisfying
Cd Cc is called a co



pa
nof for A

Ii If in addition It

also satisfies d it is

said to be subordinate

to the cover 0

theorem Let AIRI and

let 0 be a collection of

open
sets that cover it

Then there exists a CD

partition of unity OI for

A that is subordinate to

the cover 0



Proof

Caset A is compact

Then F finitely many

Ui Die 0 that cover

A

Claim We can find
compact sets Dic Vi

Such that A Eh Di

Proof of claim The sets

D i can be inductively
constructe

as follows



Suppose that
D DK have

been chosen so that
i

iv pilot.it
covers

het
Gati A fi Di ufE iD

Then Cat Curt is compact

F a compact
set

Dktl such that

Cktl C DII and

17kt c Uist why
To claim



Let Uli be a nonnegative
G function

which is positive

on Di and 0 outside

of some closed set containing

vi why

Since Di Dn covers

A we have

n

Zulia o H x

i I

in some open
set USA

On U we define



Gila Q

IZU Cx

If f is a co function

which is 1 on A and

O outside some closed

set in U then

0I foe fo4n
is the

desired partition
of unity

Casez n het A A uAz0
r

where each A i is compact

and Aichi



For each i let

Q funHi

Then Oi covers A

BI

y

i

i

n

uncaiti Ai z



There exists a portion
of unity III for Bi

Subordinate to Oi

by part ca

For each KEA the

bum

Tak
Z ceca

r

PE Ei Hi

is well defined
as its

finite in some open
set

D X



XE Ai p x 0 for

att UE OIj for j it 2

Then

e'Ca see Ii
Hi

is the desired partition
of

unity
Case 3 it is open

het

Ai KEA locki and
distcx OA it

Then A ET Ai ie N

why



A
i

i 1

I

aij f.gl
and Ai e Ait I

Since the Ai are compact

It follows now from Case

Cased A is arbitrary

het B tfOV Then B

open set



Then by Case F a Poo

for B and hence for A

its

Remarks
het CCA be compact

For each re C F an

open
set Vasx such

that only finitely many

YE OI are nonzero on

Ux from condition
b of
Pov



Since C is compact

finitely many
such Vx cover

c

Defy het 0 be a

proper open
cover of ACIR's

a POV

het
be A subordinate to

0 Let f A IR be

bounded in some open

et around each point
of A and XE Alfa ont

has measure O



Then we say f is integrabl

in A if

I f 4 Ifl converges

YEE A
Byconstruction
the function
Ye OI can be

arranged in sequence

Note This convergence
FEI Ufl converges

Y If 4 fl

1591 E Sigl

Effy f converges



Def So we define

5
f

II

theorem a If I is

another partition
of unity

subordinate to alproper
cover O of A then

Eng
Nolf also converges

and

I 4 F Ey
of

YEE A is well defined



b If A and f are

bounded then f is integrable

on A

C If A is bounded

and 2A has measure 0

Jordan measurable
then

f is integrable
on A

Proof
F Note that 4 f 0

except
on a compact

C CA and there exists



only finitely many
Yet

that are nonzero on C

Therefore we can write
J

EE EE FEET.at
11

It EqEÉY
L

Apply
to Ifl

Then we have



22 ftp 6 lfl converges
YEE TELIA II 4 f

19.6.11E
A

ftp.ges

ffl E Ifl
Obtained from

Since C
absolutely

converges
Summations

can be interchanged

Upon interchanging
the

summation in



we obtain

Effort converges

Applying
this to Ifl

we get
I f Ifl converges

Beca
Ye IA

b If A is bounded

then A is contained
in

a closed rectangles Be

anata'T ITEM for xeA

I



Suppose that FCI is

finite Then

2 4.1 1121454
YE F

A

GEF A

MS
a
EF

I MDCB

Eitel
C If A is Jordan

measurable

and f is bounded

then f is integrable
on A



For E o F compact
CCA such

that

face why
Exercise

MITverF only finitely

many YE I nonzero on C

If FCI is any
collection

that includes these finitely

may
Us



ft Effy
f

r

f fl f Ey 4 fl

5M 11 Et
f is bounded

M f z y by M

A
YE IF

M f 1
Alc

ME BE



Changeofvariables
If g

a b R is

continuously diff
and

f R R is continuous

then

g b
b

Sf
fog g

gla a

Moreove when g
is l l

ff
glab

Efg g's



theorem Let ACR be

an open
set and

g A R a l I

continuously
differentiable

function
such that

det Dgm
0 for all

xe A If f g
A R

is integrable
then

g

St fog dettig

g
A A



Poof
Claim Suppose

that

there exists a proper
cover

O for A
such that for

each Ve 0 and any
integrable

f ont we have

If fog detg

geo
u

Then the Theorem holds

for all A



Proof of Claim 1

Note that gcu ve o

is an open
cover of

g
CA

het I be a Pou sub

ordinate to this cover

For ye if 4 0 outside

g
u then G f og

o

outside U g
is i i



Therefore this expression

f y f a f og detg

gu U

can be written as i.e is

equivalent
to

feat
4 f og Idetg

g A
A

Hence

f f Eg
if

GCA



Eg E f og detg

Eg flag
fog detg

fog detg
A

BE a

Claim It suffices
to

prove
the Theorem for

f l
of Claim 2

Proof If the Theorem

holds true for f l then

it holds true for all



constant functions
Let V be a rectangle in

g
A and P a partition

of V

For each sub rectangle

S of P let

fs Ms f If

f P 3ms
f WCS

3 gots

If fog detg

g
s

Theorem holds forconst for fs



f If fog detg

g s

f f fog detg

g
u

By defn If is the LUB

for all Lff
P So we have

ft
s f fog detg

LO
g

v

In a similar manner we

can take fs Msf and

repating
the arguments

above



I 9

to obtain

ft s f fog detg

g
v L

From
we have

If
fog detg

g
v

for V
in some proper

cover

of g
A

The result now follows

from Claim 1 582



Claim If the theorem

holds for g
A Rn and

h B Rn where gla
CB

then it holds for

hog
A Rn

Proof Claim 3 Exercise

Claims Then.tt ns
matin

when

Proof Claim 4 From Claims

1 and 2 it suffices to

show for any open
rectangle

U that



11 fldetg
geo

Exercise t claim 4

Proof contd We prove
the

main Theorem by
induction

on n

The theorem clearly
holds for

n 1 due to Claim 1 2 and

the l dime case

Assume that the theorem

holds for n 1



We show that it holds for n

For each aeA we need to

find an open
set U a

UCA for which
the theorem

holds

Moreover we may
assume

whoa g
a I

Define h A Rn by
X G xn I gita ign

ie an

Then n a I



Hence in some nbhd

a EU CA h is it and

det life 0

Define
K h Ui R

by
KC x Xn i gn h

x

Then g
Koh

Since
Groh na

gn a n a



Ign a hila I

Thus in some nbhd

hea EV ch ul k is

1 I and det Diii o

Putting U K v we

have g
Koh where

h U Rn and K v R

with h u CV

We establish the assertion for

h as the proof for
k is similar



Let WCU be a rectangle
of the form Dx fan bn where

Dean
I

f 1 f f1 dx doin i

h w fan.bn h Dx an doin

het

hoon D CRM An be

defined by
hoon Gi n 1

g
Ga n gn item

Pln

Then each hoon is l l

dot Dhan sci xn i



det Dh x xn 0

g
Koh

Hence

f I f 1

h Dx2xn3 hi D

Applying
the theorem in

the mis case

fl a doc dan idsen

how
f
an bn haha

f fldetdhxnfe.sn
on 1

Can bn D da dantdan



f fl det Dhea in

an bn D doc doin i dx

I detDheal as

Theorem Sard's theorem Let

gta continuously
differentiable

where ACR

is open
and let

B xeA det Dgca
o

Then g
B has measure zero



Integrationonchains

Multilinearalgebra

Def het v be a vector

space
over R and let

Vk Vx x V be the k fold

product A function
TVER

is said to be multilinear
if for each i with kick

we have

A T Vi Vit Vi Via

T Vi Vi VK

T Vi
Vi Via



b T vi avi VK

AT Vi Vi Via

Defy A multilinear function

T Vk R is called a Kiener

on V

Remark The set of all

k tensors FCV on V is a

Vector space
over R

Def For SET V and

Te Il v we define
the

tensor product
s Tetter



by
S T Vi Vk Via ti Ve

S Vi Via T Via ti Ve

Remarks Note that

SOT TOS

Lemmy Tensor product
Satisfies the following properties

a S Sz T SHOT SET

b S Titta SOT SO Tz

6 as T S at a SOT

d SOT U SOT U



Remarks
i The tensor products

in

d are usually
denoted by

S T U higher products

To Tr are defined similarly

ii I V V dual space

Theorem het Vi vn be a

basis for V and let O Un

be basis for
so that

Yi Vi Sj Then the set of

all k fold tensor products
Yi Yik I E i IKE n

is a basis for Jk V



Consequently dim Tcu nk

Proof
Observe that

Yi Yik Vi Vik

Si j Sik jk
if jr in for iersk

O otherwise

If wi wk are k vectors

with Wi IF aijv
and

Te Tk V then

T Wis WK j.I.jp ji
Ak.jkTVji Vik



I
II Vii Via lip lie

W i W K

T IIe Vi Vik lino 9

Yi Yik span
JK V

Now suppose
that

is
Fizz Ail sik Yi 6in 0

Apply both
sides to Vi Vik

we have

Aj jk D BE



Remand If f v w is a

linear transformation
then

ft JK W TV

defined by

f T Vi Via T fern fuk

for Te JK W and Vi ive EV

is also a linear transformation

Check f SDT f S f T

Examples
a An inner product TonV

T V XV
R is a

2 tensor i e Te T v



that is

C Symmetric TCU W Tw

Tall v we V and

Ii Pasihinite T v.v 0

for all ve v

theorem If T is an

inner product
on V there

exists a basis Vi vn for V

Such that T vi v Sij i.e

an orthonormal
basis

Consequently

F an isomorphism

f B V such that

T fay Lay for sayer



where L is the standard

inner product
on R In

other words f T L

Proof het wi
wn is a

basis for V
Then define

Wil W

wa wa Iif
wi

we w.IE j.wi I
wz

Then T wi w 0 if i j

and wi o so that T wi wi o

Defining Vi Ying the map

ein Vi is an isomorphism Be



Defo A k tensor we TK V

is called alternating if

W Vi Vi Vj Vk

W Vi Vj Vi Vk for

all Vi VK EV

The set of all alternating
tensors is a subspace

of

Tk V denoted by
Ak V

We define

Alt T Vi Via

Igsgnr
Taras Vaca

where Sk is permutation group
of

1,2 ok



theorem
1 If Te TK V then Alt CT e MCV

2 If we Ak V then Alt w w

3 If Te Tk v then Alt Alte

Alt T

IFConsider the transposition
i j e Sk and let 61 6 Ej

for each re SK

Then

Alt T Vi Vj Vi VK

Ipg Sgh
o T Vocs Voci

y Voci n Volk



IgsgnG
T Van Voci

Vol Vo k

Iggy sgn
o T voices Nock

Alt T Vi VK

2 If we Ak V and

T i j then w Voci stock

Sgnot
w Vi via

x

Since every
resk is a product

of transpositions y holds

for all
re SK

Therefore



Alt w vi Via

I Espagne W Voci Volks

syn
o Sgn

o

Esk wave I VK

W Vi ill k

3 Follows from

Note we Ak V and z e ne r

Wor e n't
d v

Def For we 11kV and ne Alr

we define the wedgeproductby

war CIH Alt win



hemmy Wedge product
satisfies

the following properties

a wit wz an Wiant Waar

b wa nitra want war 2

C aw an wa an a wan

d wa n c 1 Kena w

e f wan f w af n

III's esker and Te TCU

and Alt s o then

Alt SOT Alt EOS O

2 Alt Alt won O

It wooo



Alt w Altena

3 If we NIV ne Al V

and Oe Am V then

wan no wa no

GIL.tn
Aitlwxonxoo

Proof
Rtl Alt SDT Vi

Vite

Isg no 5 Voci Nock

resktl
T Vocal

I Vocktl

het Gc Skt consist of all

that fix kti kid

Then



EgSg
no S Voci Vock

T Vo ka Vocktd

Iggy gnr's voice Voick

T Via ti Via th

Now let re Sati G

let Goro o.ro 1 Tea and

Voci s
i Vo ate

W i
W Kt d

Then

signs S Vra Nock

OEG T o T Vacay
Vocktl

Sg n ro I segno's Wo'd
Woaa

G EG o f Watt With

O



Note that Gn G 6 0

2 We have

Alt Alt no n O

Alt noo Alt XO

By is we have

0 Alt w Alt no n O

Alt w Alt no

Alt won 0

3 way no

Et Ait Kwan 00

YIIi 9
Altoona



We denote both wa nao and

wan no by wanno

Higher order products
are denoted

by
win Wan nwr

theorem The set of all

Yi n Alik Isi Liza LIKEN

is a basis for Ak V

Consequently
dim n v R Eta

theorem het Vi un be

a basis for V and let

We NIV If wi ÉaijV
for Kien then



we Wn detfaijjwcvisnr.vn

Proof Define me of
Rn by

M fall Ain Ani Ann

Wfaijuj Zanj Vi

Then REACH and

7 Nei ien det ai

w Vi vn det ai as

Rema Bytaremanonzero
we NIV splits bases of V into

two groups
a Those with W Vi Vn Lo

b Those with W Vi Vn o



Two bases Vi gun and we own

are in the same group if

given
Wi Zaijvi then

detlaij o

Def Either of these two
groups

is called an orientation for V

In the usual orienthon
is er en

Remark Note that dim NCR

In fact det is often seen as the unique

we N IRN such that wee sent

II Suppose
that T is an inner

product
and vi Vn wi Wn



are two bases which are

orthonormal with respect
to

T with Wi JI aij Vj
Then

8ij T wi wi É a ikdjetcvk.ve

É Aik Ajk

A AT I det A 1

By theorem if we Ncr

Satisfies w Vi Vn Il then

W wi
Wn Il

If an orientation m for V

has been given



then I we MCV such

that was Vn 1 whenever

Vi Vn is an ortho r mal

basis such that vi rn p

TFF unique w is called the

volume element
of V determined

bytand M

Example
det is the volume

element of IR with L

and Cei
en

In fact deter un volume

of parallelepiped
spanned by

Vi Vn



Def let ve vn ER and

I is defined by
ecw det Ing

Then ye n Rn and I Zern

such that

Lw 7 6 w det I

This z is denoted by vix xun

and is called the crossproduct

ofvis.i.in
hemma a Voc x x Van i

Sg no Vix Xun 1

b Vix Xavi x vn I a Vix x Vn

c
Vix X VitVi x XV n I

Vix Vix Vn l

Vix X Vilx x Vn 1



ectorfieldandDifferentiatorms

Def For per the tangent
spdofRnatp is defined

by Rhp pin vern

a vector space
with

respect
to

Psv Paw Paw

a Cpr par

Given p
and ve Rhp we

write up Vip and visualize

it as a vector from the point

p
to ptv 1ft



The standard inner product 4

on R induces an inner

product 2
p

on Rhp define

by up Vp p
Lun

Def A vectorfield is

a function
F Want

Such that Fede Rhp for

each per

Remark
For each PER F F p Fnlp

such that

FCP É Filp ei
p

where

the Fi are the component functions



Defy A vector field F is

continuous resp diff if each Fi

is continuous resp diff

If F G are vector
Defa
fields

and f is a function we

define
a Ft G p FCP GCP

b LF G p
FCP GCPD

C f F P FCP FCP

Deft If Fi is isn are

vector fields we define

F X X Fn 1 p F p x x Fn p



Def we define the divergent

of a vector field F by

dive EPiFi
In symbols if I Di ei

then dive LI F

Def Under this symbolism
we define

the curl of F

as the vector field
er p

2 p
3 p

fx F p p Da D3

I F Fa Fz



Defy A function
w B Ian Mr

Such that w p e Ak Rhp for
each pelR is called a

rentiablek.fr on R

If 4 p In p
is a dual

basis to Ceilp n sp
then

Wfp EggWii ik p fi e
a aka

Remarks The operations
wth f W

war are well defined
b A function f is considered to

be a o form



If f B R is differentiable
then Dflp e n Rn So we

define df by
dflp up DFLP V

For any x an xn ERM let

x Is Xi

Then

dxi p up drip Vp DTI P v

Here we view xi as ti
Vi

So doc p dxn p is a dual

basis to edp en p

Thus every
k form can be written

as Wi ikdoci a a dock
W

ja Lik



Theorem If firn R is

differentiable
then

df D f dont Dnf den

i e in classical notation

df Ofdx t Endon
doc p d Ti p

Proof

dfp Vp Dflp V

IÉViDif P

II dxi p up o Dif e Be



Consider f B Rm and

Dflp IRI R Then

fit Rnp Rflp is defined by

f up Dflp v
fcp

This linear map
induces a linear

map

ft MIRI Rhp

If w is a k form on R we

define
a k form ftw on IR

by ftw p f WCFCP

i e if Vi via ER p
then

f w p Vi Via

w f p f Vi FAVA



theorem If f B Rm is

differentiable then

a f dei FID fi dog

II dog

b f wit wa f Wi f Wa

C f g W goof ftw

d f wan f wnf n

If
f dei p up doci FCP Evp

dei feel EÉ Éu D the

É Nj Dj fi p
FID fi p doc p Vp



theorem If f Rn R

is differentiable then

f hdon aden

Cho f det f doin nden

Proof Since

f hdx n adan

hof f dain adan

it suffices to show that

f dean aden det Df dx n adx

het per and let A Cai Dflp

Then

f dain adan er en

doc a adan fate often

n



dean ndxn Éaiie diner

detlaij doc n ndancer ien

B

Def Given the k form

W IL
wi ik dei n adair

we define a Ktr form dw

the differential of w by

du Ekadasi ikadai
n dxik

T.gg
Da win ik

dxandxinn

dxikThgjedmj

n dwtdn

Ii If w is a k form and n

is a l form then

dewan dwanttitwadn



iii d dw o i e 42 0

Iv If W is a k form on

Im and f B Rm is diff

then f dw dff w

Deth A form w is closed if

dW o and exact if
w dn for

some n

Remark iBy theorem every
exact

form is closed

Conversely if W Pdx Qdy
is a 1 form in 1122 then

dw D Pdx DaPdy ndx
Diadx Daddy lady

D Q Dap dandy



So if dw o then

DiQ DzP

Fa function f such that

W df D fda Dafdy HN

Ii However if w is defined only

on a subset of RZ

For example consider

D

Lyde they dy
on 1122203

Then w do where
tan bloc x y

0

Olay tan Ya x so

2T tan Ya x O y O

7 2
2 0 y 0

372
7 0 y O

which is not continuous on
1123203



If W d f for some filRo R

then Dif D o and Daf Dao

f Otc f cannot exist

Iii Suppose
that W É widxi

is a l form on IR and

W df TED if.dxi

Since I

fac f flt c doc

É Dif Ctx oxidt

É Wilton xidt

This suggests
Iwc c Wilt c oxide



This is well defined
on a open

set A can such that if KEA

then the line joining
o to x

is in it Such an open
set is

called starshaped with respect
to 0

i

Ity
I

It can be shown that w d Iw

provided that
do 0



Theorem Poincaré hemma If

A nisanopensetstar shaped
with respect to

0 then every
closed

form on A is exact

Proof We will define
a function

I from
l forms

told 1 forms

Such that

Ico o and W I dw dew

for any form
w Then

D d IW if d W o

Let D I Win iedxin adx

iii sie

Since A is star shaped
we define

l



ING E.ae G

f't'diectoddtjxiadxi.ae
adician adxie

Showing
that

W ICdW d IW is

left as an exercise te



GeometricProperties

Def A singularncube in

ACR is a continuous function

C o D A

Exempt
a A singular o cube is an

f o A

b The standardn cube in

R is In o in Rn

defined by Inca x x



Deft A formal sum of

the form E aici where

die Z and each Ci is a

singular n cube in A is

called an nchainint
Deft a For each i is ien we

define two singular Cn
is cubes

Ii o and II as follows

II o
x I sci Xi 1,0 sci hn

Xi Ki 1 O Ki a yen 1

Ici 1 x In 79 Ki i I Xi in i

Xp sci l I Xi
Xn l



II o and Iii are called

the Ci o face and in face of

In respectively

b We define
21 III i it Ida

c For a general singular
n cube c o D

A

we define Cci a
Co Ilias

Then we define

2C É EE Ici a

d Finally we define the

boundary of the n chain



Eaici by
2 Eaici Zaiacci

theorem If cis a chain

in A then 2120 0 Briefly

22 0

Proof For isj and X

E Co In
2 we have

Inna p
G II a I p

s

Ii a
a Kj 1 p Cj kn z

I x Xi i L Xi Xj 1

B Kj In 2



Similarly
I cjtl p i a

Ipa X i i L sci Kj 1 B

Kj
X n 2

Iii a g p
IF i p in

for isj

Thus it follows easily
that

Gi.at j.p H 1 p in for

isj
Now

212 c 2 É t Eci.ae



itatjtp

ÉI Ézo cc a i.e

O check te

Remarky If Dc o does 7 a

d in A such that c 2d

Answey no

Consider C at
1122 303 by

Cct CosCzTint Sin Zant where

ne Z 0 Then CCD CCO so

2 0 But I no 2 chain c

in R 0 such that Dc c



Stokestured
If W is a k form on O B's then

I a unique f such that

W fdx n adock

Deft We define

f W ft fffa a doc dock

oil K fo JK oink

If W is a k form on A and

C is a singular
k cube in A

we define

fw few
C o if

K



Remand a In particular we have

If doc
a adock Ik ff doc n a dock

o JK

f face xk dx doc

o BK

b when k o a o form W is

a function
and C 03 A is

a singular
o cube in A So we

define
W W Cco

The integral
w over a k chain

Zaici is defined by

LW Zaifw
Ci



C The integral of a i form over

a 1 chain is often called a

lineintegraf
If Pdx Qdy is a r form on

1122 and c on R'is a singular
1 cube curve then it can be

shown that

fPdx Qdy

limE Citi C ti d PCC ti

Cacti cacti i Q
ti

where to tn is a partition
of oil and the lim is taken

over all partitions



Theorem Stoke's Theorem If

Wis ack D formonan open
set A clan and c is a k chain

in A then

Idw few

Prof Suppose
that c Ik

and w is a Kt form on Co BK

Then W is the sum of Ck D forms

of the type
flexin din ndxk

So it suffices to show the theorem

for forms of the type



Note that

f IYj.at fdsan ndcin adxk

o p
K l

i if j i

SfGa id 4 da dock if j I

fo if K

Therefore

S f doc a ndti adock

2 Ik

If 2,413 Igg fda n dk
n a dock

fo JK I

4
it f f face l pk da dock

o Jk
I f FCK O xx doc dock

fo if K



Moreover

I Kd f doc n ndt i n a dock

f Di f dei a doc
a nd ki n adock

o if
K

C it f Dif
Co Jk

By Fubini's theorem and FTC we

have

f d fda n adic in ndock

Ik I

i f f'D if 74 pk dei

0 doc di dock

t f f f
x y b Xk

f x s o Kk

doc dot dock



I I ji I f f Chi I k doc dock

Co Jk
1 I f f Ci O 4 doc dx

o if
K

Thus f d w fo
Ik DIK

For an arbitrary k cube it follows

that
Sw few
2C 2 I

k

Therefore

Idw fc dw face W

Ik I k

few few
2 Ik



Finally if c is a k chain Zaici

then

Idw Zai fdw Zai Sw
Ci Oci

w t



Integrationonchains

Multilinearalgebra

Def het v be a vector

space
over R and let

Vk Vx x V be the k fold

product A function
TVER

is said to be multilinear
if for each i with kick

we have

A T Vi Vit Vi Via

T Vi Vi VK

T Vi
Vi Via



b T vi avi VK

AT Vi Vi Via

Defy A multilinear function

T Vk R is called a Kiener

on V

Remark The set of all

k tensors FCV on V is a

Vector space
over R

Def For SET V and

Te Il v we define
the

tensor product
s Tetter



by
S T Vi Vk Via ti Ve

S Vi Via T Via ti Ve

Remarks Note that

SOT TOS

Lemmy Tensor product
Satisfies the following properties

a S Sz T SHOT SET

b S Titta SOT SO Tz

6 as T S at a SOT

d SOT U SOT U



Remarks
i The tensor products

in

d are usually
denoted by

S T U higher products

To Tr are defined similarly

ii I V V dual space

Theorem het Vi vn be a

basis for V and let O Un

be basis for
so that

Yi Vi Sj Then the set of

all k fold tensor products
Yi Yik I E i IKE n

is a basis for Jk V



Consequently dim Tcu nk

Proof
Observe that

Yi Yik Vi Vik

Si j Sik jk
if jr in for iersk

O otherwise

If wi wk are k vectors

with Wi IF aijv
and

Te Tk V then

T Wis WK j.I.jp ji
Ak.jkTVji Vik



I
II Vii Via lip lie

W i W K

T IIe Vi Vik lino 9

Yi Yik span
JK V

Now suppose
that

is
Fizz Ail sik Yi 6in 0

Apply both
sides to Vi Vik

we have

Aj jk D BE



Remand If f v w is a

linear transformation
then

ft JK W TV

defined by

f T Vi Via T fern fuk

for Te JK W and Vi ive EV

is also a linear transformation

Check f SDT f S f T

Examples
a An inner product TonV

T V XV
R is a

2 tensor i e Te T v



that is

C Symmetric TCU W Tw

Tall v we V and

Ii Pasihinite T v.v 0

for all ve v

theorem If T is an

inner product
on V there

exists a basis Vi vn for V

Such that T vi v Sij i.e

an orthonormal
basis

Consequently

F an isomorphism

f B V such that

T fay Lay for sayer



where L is the standard

inner product
on R In

other words f T L

Proof het wi
wn is a

basis for V
Then define

Wil W

wa wa Iif
wi

we w.IE j.wi I
wz

Then T wi w 0 if i j

and wi o so that T wi wi o

Defining Vi Ying the map

ein Vi is an isomorphism Be



Defo A k tensor we TK V

is called alternating if

W Vi Vi Vj Vk

W Vi Vj Vi Vk for

all Vi VK EV

The set of all alternating
tensors is a subspace

of

Tk V denoted by
Ak V

We define

Alt T Vi Via

Igsgnr
Taras Vaca

where Sk is permutation group
of

1,2 ok



theorem
1 If Te TK V then Alt CT e MCV

2 If we Ak V then Alt w w

3 If Te Tk v then Alt Alte

Alt T

IFConsider the transposition
i j e Sk and let 61 6 Ej

for each re SK

Then

Alt T Vi Vj Vi VK

Ipg Sgh
o T Vocs Voci

y Voci n Volk



IgsgnG
T Van Voci

Vol Vo k

Iggy sgn
o T voices Nock

Alt T Vi VK

2 If we Ak V and

T i j then w Voci stock

Sgnot
w Vi via

x

Since every
resk is a product

of transpositions y holds

for all
re SK

Therefore



Alt w vi Via

I Espagne W Voci Volks

syn
o Sgn

o

Esk wave I VK

W Vi ill k

3 Follows from

Note we Ak V and z e ne r

Wor e n't
d v

Def For we 11kV and ne Alr

we define the wedgeproductby

war CIH Alt win



hemmy Wedge product
satisfies

the following properties

a wit wz an Wiant Waar

b wa nitra want war 2

C aw an wa an a wan

d wa n c 1 Kena w

e f wan f w af n

III's esker and Te TCU

and Alt s o then

Alt SOT Alt EOS O

2 Alt Alt won O

It wooo



Alt w Altena

3 If we NIV ne Al V

and Oe Am V then

wan no wa no

GIL.tn
Aitlwxonxoo

Proof
Rtl Alt SDT Vi

Vite

Isg no 5 Voci Nock

resktl
T Vocal

I Vocktl

het Gc Skt consist of all

that fix kti kid

Then



EgSg
no S Voci Vock

T Vo ka Vocktd

Iggy gnr's voice Voick

T Via ti Via th

Now let re Sati G

let Goro o.ro 1 Tea and

Voci s
i Vo ate

W i
W Kt d

Then

signs S Vra Nock

OEG T o T Vacay
Vocktl

Sg n ro I segno's Wo'd
Woaa

G EG o f Watt With

O



Note that Gn G 6 0

2 We have

Alt Alt no n O

Alt noo Alt XO

By is we have

0 Alt w Alt no n O

Alt w Alt no

Alt won 0

3 way no

Et Ait Kwan 00

YIIi 9
Altoona



We denote both wa nao and

wan no by wanno

Higher order products
are denoted

by
win Wan nwr

theorem The set of all

Yi n Alik Isi Liza LIKEN

is a basis for Ak V

Consequently
dim n v R Eta

theorem het Vi un be

a basis for V and let

We NIV If wi ÉaijV
for Kien then



we Wn detfaijjwcvisnr.vn

Proof Define me of
Rn by

M fall Ain Ani Ann

Wfaijuj Zanj Vi

Then REACH and

7 Nei ien det ai

w Vi vn det ai as

Rema Bytaremanonzero
we NIV splits bases of V into

two groups
a Those with W Vi Vn Lo

b Those with W Vi Vn o



Two bases Vi gun and we own

are in the same group if

given
Wi Zaijvi then

detlaij o

Def Either of these two
groups

is called an orientation for V

In the usual orienthon
is er en

Remark Note that dim NCR

In fact det is often seen as the unique

we N IRN such that wee sent

II Suppose
that T is an inner

product
and vi Vn wi Wn



are two bases which are

orthonormal with respect
to

T with Wi JI aij Vj
Then

8ij T wi wi É a ikdjetcvk.ve

É Aik Ajk

A AT I det A 1

By theorem if we Ncr

Satisfies w Vi Vn Il then

W wi
Wn Il

If an orientation m for V

has been given



then I we MCV such

that was Vn 1 whenever

Vi Vn is an ortho r mal

basis such that vi rn p

TFF unique w is called the

volume element
of V determined

bytand M

Example
det is the volume

element of IR with L

and Cei
en

In fact deter un volume

of parallelepiped
spanned by

Vi Vn



Def let ve vn ER and

I is defined by
ecw det Ing

Then ye n Rn and I Zern

such that

Lw 7 6 w det I

This z is denoted by vix xun

and is called the crossproduct

ofvis.i.in
hemma a Voc x x Van i

Sg no Vix Xun 1

b Vix Xavi x vn I a Vix x Vn

c
Vix X VitVi x XV n I

Vix Vix Vn l

Vix X Vilx x Vn 1



ectorfieldandDifferentiatorms

Def For per the tangent
spdofRnatp is defined

by Rhp pin vern

a vector space
with

respect
to

Psv Paw Paw

a Cpr par

Given p
and ve Rhp we

write up Vip and visualize

it as a vector from the point

p
to ptv 1ft



The standard inner product 4

on R induces an inner

product 2
p

on Rhp define

by up Vp p
Lun

Def A vectorfield is

a function
F Want

Such that Fede Rhp for

each per

Remark
For each PER F F p Fnlp

such that

FCP É Filp ei
p

where

the Fi are the component functions



Defy A vector field F is

continuous resp diff if each Fi

is continuous resp diff

If F G are vector
Defa
fields

and f is a function we

define
a Ft G p FCP GCP

b LF G p
FCP GCPD

C f F P FCP FCP

Deft If Fi is isn are

vector fields we define

F X X Fn 1 p F p x x Fn p



Def we define the divergent

of a vector field F by

dive EPiFi
In symbols if I Di ei

then dive LI F

Def Under this symbolism
we define

the curl of F

as the vector field
er p

2 p
3 p

fx F p p Da D3

I F Fa Fz



Defy A function
w B Ian Mr

Such that w p e Ak Rhp for
each pelR is called a

rentiablek.fr on R

If 4 p In p
is a dual

basis to Ceilp n sp
then

Wfp EggWii ik p fi e
a aka

Remarks The operations
wth f W

war are well defined
b A function f is considered to

be a o form



If f B R is differentiable
then Dflp e n Rn So we

define df by
dflp up DFLP V

For any x an xn ERM let

x Is Xi

Then

dxi p up drip Vp DTI P v

Here we view xi as ti
Vi

So doc p dxn p is a dual

basis to edp en p

Thus every
k form can be written

as Wi ikdoci a a dock
W

ja Lik



Theorem If firn R is

differentiable
then

df D f dont Dnf den

i e in classical notation

df Ofdx t Endon
doc p d Ti p

Proof

dfp Vp Dflp V

IÉViDif P

II dxi p up o Dif e Be



Consider f B Rm and

Dflp IRI R Then

fit Rnp Rflp is defined by

f up Dflp v
fcp

This linear map
induces a linear

map

ft MIRI Rhp

If w is a k form on R we

define
a k form ftw on IR

by ftw p f WCFCP

i e if Vi via ER p
then

f w p Vi Via

w f p f Vi FAVA



theorem If f B Rm is

differentiable then

a f dei FID fi dog

II dog

b f wit wa f Wi f Wa

C f g W goof ftw

d f wan f wnf n

If
f dei p up doci FCP Evp

dei feel EÉ Éu D the

É Nj Dj fi p
FID fi p doc p Vp



theorem If f Rn R

is differentiable then

f hdon aden

Cho f det f doin nden

Proof Since

f hdx n adan

hof f dain adan

it suffices to show that

f dean aden det Df dx n adx

het per and let A Cai Dflp

Then

f dain adan er en

doc a adan fate often

n



dean ndxn Éaiie diner

detlaij doc n ndancer ien

B

Def Given the k form

W IL
wi ik dei n adair

we define a Ktr form dw

the differential of w by

du Ekadasi ikadai
n dxik

T.gg
Da win ik

dxandxinn

dxikThgjedmj

n dwtdn

Ii If w is a k form and n

is a l form then

dewan dwanttitwadn



iii d dw o i e 42 0

Iv If W is a k form on

Im and f B Rm is diff

then f dw dff w

Deth A form w is closed if

dW o and exact if
w dn for

some n

Remark iBy theorem every
exact

form is closed

Conversely if W Pdx Qdy
is a 1 form in 1122 then

dw D Pdx DaPdy ndx
Diadx Daddy lady

D Q Dap dandy



So if dw o then

DiQ DzP

Fa function f such that

W df D fda Dafdy HN

Ii However if w is defined only

on a subset of RZ

For example consider

D

Lyde they dy
on 1122203

Then w do where
tan bloc x y

0

Olay tan Ya x so

2T tan Ya x O y O

7 2
2 0 y 0

372
7 0 y O

which is not continuous on
1123203



If W d f for some filRo R

then Dif D o and Daf Dao

f Otc f cannot exist

Iii Suppose
that W É widxi

is a l form on IR and

W df TED if.dxi

Since I

fac f flt c doc

É Dif Ctx oxidt

É Wilton xidt

This suggests
Iwc c Wilt c oxide



This is well defined
on a open

set A can such that if KEA

then the line joining
o to x

is in it Such an open
set is

called starshaped with respect
to 0

i

Ity
I

It can be shown that w d Iw

provided that
do 0



Theorem Poincaré hemma If

A nisanopensetstar shaped
with respect to

0 then every
closed

form on A is exact

Proof We will define
a function

I from
l forms

told 1 forms

Such that

Ico o and W I dw dew

for any form
w Then

D d IW if d W o

Let D I Win iedxin adx

iii sie

Since A is star shaped
we define

l



ING E.ae G

f't'diectoddtjxiadxi.ae
adician adxie

Showing
that

W ICdW d IW is

left as an exercise te



GeometricProperties

Def A singularncube in

ACR is a continuous function

C o D A

Exempt
a A singular o cube is an

f o A

b The standardn cube in

R is In o in Rn

defined by Inca x x



Deft A formal sum of

the form E aici where

die Z and each Ci is a

singular n cube in A is

called an nchainint
Deft a For each i is ien we

define two singular Cn
is cubes

Ii o and II as follows

II o
x I sci Xi 1,0 sci hn

Xi Ki 1 O Ki a yen 1

Ici 1 x In 79 Ki i I Xi in i

Xp sci l I Xi
Xn l



II o and Iii are called

the Ci o face and in face of

In respectively

b We define
21 III i it Ida

c For a general singular
n cube c o D

A

we define Cci a
Co Ilias

Then we define

2C É EE Ici a

d Finally we define the

boundary of the n chain



Eaici by
2 Eaici Zaiacci

theorem If cis a chain

in A then 2120 0 Briefly

22 0

Proof For isj and X

E Co In
2 we have

Inna p
G II a I p

s

Ii a
a Kj 1 p Cj kn z

I x Xi i L Xi Xj 1

B Kj In 2



Similarly
I cjtl p i a

Ipa X i i L sci Kj 1 B

Kj
X n 2

Iii a g p
IF i p in

for isj

Thus it follows easily
that

Gi.at j.p H 1 p in for

isj
Now

212 c 2 É t Eci.ae



itatjtp

ÉI Ézo cc a i.e

O check te

Remarky If Dc o does 7 a

d in A such that c 2d

Answey no

Consider C at
1122 303 by

Cct CosCzTint Sin Zant where

ne Z 0 Then CCD CCO so

2 0 But I no 2 chain c

in R 0 such that Dc c



Stokestured
If W is a k form on O B's then

I a unique f such that

W fdx n adock

Deft We define

f W ft fffa a doc dock

oil K fo JK oink

If W is a k form on A and

C is a singular
k cube in A

we define

fw few
C o if

K



Remand a In particular we have

If doc
a adock Ik ff doc n a dock

o JK

f face xk dx doc

o BK

b when k o a o form W is

a function
and C 03 A is

a singular
o cube in A So we

define
W W Cco

The integral
w over a k chain

Zaici is defined by

LW Zaifw
Ci



C The integral of a i form over

a 1 chain is often called a

lineintegraf
If Pdx Qdy is a r form on

1122 and c on R'is a singular
1 cube curve then it can be

shown that

fPdx Qdy

limE Citi C ti d PCC ti

Cacti cacti i Q
ti

where to tn is a partition
of oil and the lim is taken

over all partitions



Theorem Stoke's Theorem If

Wis ack D formonan open
set A clan and c is a k chain

in A then

Idw few

Prof Suppose
that c Ik

and w is a Kt form on Co BK

Then W is the sum of Ck D forms

of the type
flexin din ndxk

So it suffices to show the theorem

for forms of the type



Note that

f IYj.at fdsan ndcin adxk

o p
K l

i if j i

SfGa id 4 da dock if j I

fo if K

Therefore

S f doc a ndti adock

2 Ik

If 2,413 Igg fda n dk
n a dock

fo JK I

4
it f f face l pk da dock

o Jk
I f FCK O xx doc dock

fo if K



Moreover

I Kd f doc n ndt i n a dock

f Di f dei a doc
a nd ki n adock

o if
K

C it f Dif
Co Jk

By Fubini's theorem and FTC we

have

f d fda n adic in ndock

Ik I

i f f'D if 74 pk dei

0 doc di dock

t f f f
x y b Xk

f x s o Kk

doc dot dock



I I ji I f f Chi I k doc dock

Co Jk
1 I f f Ci O 4 doc dx

o if
K

Thus f d w fo
Ik DIK

For an arbitrary k cube it follows

that
Sw few
2C 2 I

k

Therefore

Idw fc dw face W

Ik I k

few few
2 Ik



Finally if c is a k chain Zaici

then

Idw Zai fdw Zai Sw
Ci Oci

w t


